ON THE IMPULSE CONTROL OF JUMP DIFFUSIONS 
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ERHAN BAYRAKTAR *, THOMAS EMMERLING t, AND JOSE-LUIS MENALDI * 

Abstract. Regularity of the impulse control problem for a non-degenerate n-dimcnsional jump 
diffusion with infinite activity and finite variation jumps was recently examined in [4]. Here we 
extend the analysis to include infinite activity and infinite variation jumps. More specifically, we 
show that the value function u of the impulse control problem satisfies u £ W^(R n ). 

1. Introduction. In this paper we analyze the regularity of the value function in 
an impulse control problem for an n-dimensional jump diffusion process. We assume 
that the uncontrolled stochastic process X is governed by the stochastic differential 
equation: 



\0'. dXt = b(X t -)dt + a(X t -)dWt + [ j(X t -,z)N(6t,dz), X = x. (1.1) 

(N| ■ Jri 

Here W is a d-dimensional standard Brownian Motion and AT is a Poisson random 
measure on R+ x IR Z , with W and ./V independent. The Levy measure v{-) := E[N(1, ■)} 
p I ■ may be unbounded and N(dt, dz) is its compensated Poisson random measure with 

N(dt, dz) = N(dt, dz) — v(dz)dt. Below, we specify the assumptions placed upon 
b, a, j in order to ensure that the SDE is well-defined. If an admissible control policy 
V = (ti, £i; T2, £2; . . .) is chosen, then X evolves as 

dX t = b(X t _)dt + a(X t _)dW t + f j(X t _,z)N(dt,dz)+J26(t-n)&, (1.2) 



(N 

>: 

where S denotes the Dirac delta function. Given a control V := (n, £1; T2, £2; • • •)> the 
■ objective function is 

OO 

/ poo 00 \ 

J X [V] := E x ^ ^ e-™f{X t )dt + ^ e^B^J . (1.3) 



The goal is to minimize the objective function over all admissible control policies: 

u(x) =inf J X [V]. (1.4) 



><: 

Intuitively, we expect from the Dynamic Programming Principle that the value func- 
tion u(x) satisfies the following quasi-variational inequality 

max{-£« + ru- f,u- Mu} = 0, x e R™, (HJB) 

where M.(p(x) is the minimal operator such that 

M<p{x) := inf (<p(x + t) + B({)), (1.5) 
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and the partial integro-differential operator C is defined as 

Cip(x) := C D ip{x) + Iip(x), (1.6) 

with 

n n 

C D ip(x)= a<ik(x)d 2 XiXk tp(x) +^2bi(x)d Xi (p(x), 

i,k=l i=l n J"j 

Itp(x)= I {<p(x+j{x,z))-ip(x)-j(x,z)V<p{x))v{<lz), 

JR> 

where (ay) nxn := \a(x)a(x) T . 

Analysis of the impulse control problem finds its roots in the classical works of 
[2] and [3]. With regard to impulse control, these authors characterized the value 
function, analyzed optimal policies and discussed regularity of the value function 
in the non-degenerate diffusion case with bounded data. Subsequent contributions 
such as [T3], [2] focused upon obtaining various characterizations of the value 
function for impulse control in more general settings than [2] and [3] such as the 
degenerate/non-degenerate pure/jump diffusion with bounded/unbounded data envi- 
ronments. The focus of this paper is on identifying the regularity of the value function 
for impulse control under a general jump diffusion setting on the whole space and with 
unbounded controls. Regularity in various relevent contexts has been examined by 
many in the literature, see e.g. [2], [3], 0], [7], [5], [5], [H], [TB]. Recently, [§] (resp. 
[4]) identified W,'£(R n ) regularity of the value function of impulse control for a pure 
diffusion (resp. jump diffusion) with unbounded controls. In both of these papers, 
the authors utilized classical PDE arguments along with recent viscosity results for 
impulse control [17] to establish regularity. For the jump diffusion case [4], the authors 
establish W 1 J?(W l ) regularity for the value function with integro-differential operators 
of order [0, 1]. With the regularity question resolved in this case, we examine whether 
this result can be leveraged to improve regularity to include integro-differential oper- 
ators of order (1,2]. 

We find, in Section |4j that the regularity presented in [4] is particularly helpful in 
establishing regularity in the continuation region C := {x G IR™ : u(x) < A4u(x)} for 
general jumps through approximation. More specifically, we approximate the value 
function for the general jumps case using a value function for impulse control of a 
jump diffusion with integrable jumps, i.e, j e (x,z) £ L 1 (R i ,^). This value function 
converges uniformly on R n (see Lemma f4.3|) to the value function for general jumps and 
is in W^(C) via a weak limit argument (see Lemma I4.4[) which utilizes a variation 
of the almost local estimates for the integro-differential operator found in [IB], PQ, 
and [BJ (see Proposition [3]2]). Similar to j4], a bootstrap method allows us to improve 
regularity so that u £ C 2, 2 1 (C) (see Proposition ^. 5|) . 

For operators of order [0,1], the authors in [4] show how establishing regularity 
of u in the continuation region can be particularly helpful in ultimately proving u £ 
W^(R n ). This is primarily due to the fact that minimizers of A4u(x) translate x 
into the continuation region. With this in mind, upon obtaining regularity in the 
continuation region for general jumps, we next examine in Section 15.11 whether the 
same techniques carried out in [4] can be applied to smoothly carry VF^-regularity 
over into the action region A := {x £ R" : u{x) — Aiu(x)}. More specifically, 
this involves an examination of a Dirichlet problem on a bounded open set with a 
non-local integro-differential operator. Resources for the regularity of second order 



ON THE IMPULSE CONTROL OF JUMP DIFFUSIONS 



3 



elliptic integro-differential problems include [5], [5J, jS], [IT], [TB], and among others. 
However, the technical difficulties encountered with examining this local problem with 
a non-local integro-differential operator of order (1,2] lead us to prefer to analyze the 
regularity of u as a solution to a QVI in IR™ rather than as a solution to a VI in an 
arbitrary bounded open set O in IR" as demonstrated in [4]. Therefore, in Section [5721 
we provide an alternative approach and consider a particular weighted function space 
and utilize the distributional characterization of the value function via results from 
P3] in order to conclude W?*(R n ) at the end of Section [5] 

The paper is organized as follows. Section [5] provides the setup for the problem. 
Section [3] discusses useful properties of the integro-differential operator. Section [4] 
presents regularity of the value function in the continuation region. Section [S] presents 
the main result, Theorem 15.11 

2. Setup. We adopt the notation used in [4] for function spaces if not explicitly 
defined and present the following assumptions: 

We assume that the drift, volatility and the jump amplitude (in the first variable) 
in (|1.1[) are Lipschitz continuous, i.e., there exists a positive constants C^, C CT > and 
a positive function Cj(z) G L q (R l , v) for q = 1, 2, 4 such that for any x,y £ IR™, z G IR', 

\b(x) - b(y)\ <C- b \x-y\, \a(x) - a(y)\ < C a \x - y\ , 
\j(x,z) -j(y,z)\ < Cj(z) \x-y\, 

where b : IR" -> R", a : IR" -5- IR" xd , j : IR" x R l -» IR™ . Further, we assume that the 
coefficients have Lipschitz continuous first derivatives (denoted b ,cr',j'), i.e., there 
exists a positive constant C such that 

b(x)-b (y) 2 + \a'(x)-a'(y)\ 2 + [ \f(x, z) - j'(y, z)f v{Az) < C \x - y\ 2 . 



(H2) 



For the jump amplitude j and the Levy measure we assume there exists some 
positive measurable function jo(z) such that 

\j{x,z)\ < jo{z), I [j (z)] 2 u(dz) < C < oo, 

[jo(z)] p v(dz) < Co < oo, for any p > 7,7 G [1,2]. 

{ioW<i} 

Assume that j(x, z) is continuously differentiable in x for any fixed z and for any x, x' 
and < 9 < 1, there exists a constant cq > such that 

Co \x — x'\ < \(x — x) + 0(j(x, z) — j(x' , z))\ < c^ 1 \x — x'\ . (H4) 

In particular, the Jacobian of x — > j(x, z) satisfies 

cj" 1 < det[7 d + Vj{x, z)] < Ci, (2.1) 

for any x, z and some constants C\,C\ > 1, where Id is the identity matrix in IR™, 
\7j(x,z) is the matrix of the first partial derivatives in x, and dct[-] denotes the 
matrix determinant. There exists a constant Af 7 > such that 

\Vj(x,z)\ <M^\j Q {z)y-\ 
\V-j(x,z)-V-j(x+j(x,z),z)\<M 7 \j (z)r, 
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where V ■ j(x, z) denotes the divergence of the function x i— ► j(x, z) for any fixed z. 
The diffusion component of X satisfies the uniform ellipticity condition, i.e., there 
exists A > such that 

n 

X! > a ICI 2 ; A > 0, x G R". (H6) 

Suppose the running cost / > is Lipschitz continuous and semi-concave, i.e., there 
exists a constant Cf > such that 

\f(x)-f(y)\<C f \x-y\, Vx,yeR n , (H7) 

and for every open ball B r (0) (or simply denoted B r ) of radius r > centered at 0, 
there exists a constant C r > such that the function 

x M> /(x) — C r |x| 2 is concave. (H8) 

For equivalent characterizations of semi-concavity see Definition 15.41 in Section [5] 
The transaction cost function B : R" — > R is lower semi-continuous and satisfies: 



f inf ?eR „ S(0 = K > 0, 

5eC(R«\{0}), 
J |-B(C)I °°j as l£l ~^ 00 1 

I B(6) + -B(6) >B(^+( 2 )+K, V6,6 G R", 

Assume the discount rate r is sufficiently large, i.e., 

r > k > p > 0, (HfO) 

where we define (3 in (|A.3|) and k in (|5.27p . 

The nonlocal intcgro-diffcrcntial operator can be written as 

Iip(x) := / (ip{x + j(x, z)) - ip(x) - j(x, z) ■ Vip(x)t {jo{z)<1} ) v(dz), (2.2) 
Jr> 

and the local differential operator has the form 

n n 

£ D ip(x):= a ik(x)dl iXk <p(x) +^2bi(x)d Xi ip(x), (2.3) 

i,k—l i—1 

where b := b - J Rl j(x, z)l R! \ {:) - o(2)<1} ^(dz). 

Given the above assumptions, the following result holds for u and M.u respec- 
tively. 

Lemma 2.1. The junction u(-) is Lipschitz continuous with constant C u . Addi- 
tionally, Aiu(-) is Lipschitz continuous. 

Proof. In the Appendix we prove that u is Lipschitz continuous. That A4u is 
continuous given that u is proved in Lemma 3.3 of [4] . □ 

3. Some Technical Estimates. In this section, we discuss some properties of 
the non-local operator / and give a local LP estimate. 
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Definition 3.1. Let B r (x) denote the open ball of radius r centered at x. The 
outer j] -neighborhood ofQ is defined as fT' := {x G R n : x G B rj (y) for some y G £1}. 

Lemma 3.1. (e-L p -estimates) Let O be an open subset ofR n and suppose \H3\) . 
and ljH4\ ) hold. Then, for any given e > 0, there exists C(e) > depending on e, such 
that for smooth cp, Lipschitz on R n with constant C v , we have for 1 < p < oo, 

\\Ivh n o) <^\\f\\w^(0')+ C ( £ ) C v (3-1) 
Proof. See the Appendix. □ 

A direct application of Lemma 13.11 is the following local estimate for the integro- 
differential operator (see e.g. Proposition 2.4 in [16], Theorem 3.1.20 in [6], Proposi- 
tion 3.5 in p]). The estimate represents a direct extension of the classical LP interior 
estimates of Theorem 9.11 in [7]. 

PROPOSITION 3.2. (Local L p -estimates) Suppose (Hl\) , Ih3) , (LLfy , and iHb)) . 
Let O' C O be bounded open subsets of R n with dist(9C, dO) > S > 0. Suppose that 
v G W^(0), v is Lipschitz on R n with constant C v , 1 < p < oo. Letting 

{-C D - I + r)v = f inO, (3.2) 

define the function f in O, there exists a constant C depending on n,p, 5, diam(O) 
and the bounds imposed by fHl\) and iH6\) such that 

< C(\\f\\ LP{0) + C v + \\v\\ L00(0) ). (3.3) 

Proof. This proof is similar to the proof of Proposition 3.5 in pQ. For the sake of 
completeness we provided a proof in the Appendix. □ 

Lemma 3.3. Assume $H3\) holds. Suppose <p is Lipschitz on R n with constant 
C v . Let ft be a bounded open set of R n . If <p G C 1 '" (SI 1 ) for some a G [7/2, 1], then 
I Lp G C°'^(n) and 

||^|l c o,^ p <C(C V + M c ^ m ) , (3.4) 

for a positive constant C dependent upon £l,a,j. 

Proof. This proof is similar to the proof of Lemma 3.2 in pQ. For details see the 
Appendix. □ 

4. Regularity in the Continuation Region. In this section, we establish the 
regularity of the value function u in the continuation region C := {x G R n : u(x) < 
A4u(x)} through approximation. For e > 0, set 

f(x,z) :=j(x,z)t {jo ( z)>e} . (4.1) 

With this definition, for each fixed e > 0, it holds that j e G L 1 (IR i , v). Indeed, 

/ \f{x lZ )\u{dz)< j {z)v{Az) + \ [jo{z)] 2 v{dz) < to. (4.2) 

Jr> J{jo>i} e J{jo<i} 

Letting u e denote the value function corresponding to a jump function j e , we have 
that u e is Lipschitz continuous for each e > 0. 
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Lemma 4.1. For each e > 0, the value junction u e is Lipschitz continuous in R™ 
with constant C u , the Lipschitz constant for u. 

Proof. The proof proceeds directly as in Lemma 12.11 since \j t (x,z) — j t (y, z)\ < 
\j(x,z) -j(y,z)\. □ 

At this point, the regularity analysis presented in [4] allows us to conclude u c £ 
W^(R n ) for each fixed e > 0. The next goal is to show uniform convergence of u e to 
u. In doing so, we utilize a general estimate obtained for solutions of jump diffusions 
(see e.g. Chapter 5 in [IS]). For this estimate, we define the norm 



\\h-h\ tp :=sup( (7 



\h(t, x 1 z) — h'(t, x, z)\ p v(dz) 

for p > 2. Additionally, set 

A , p (h-h') := \\h-h'\\ Q2p + \\h -h'\\ 0>2 . 



i/p ' 



(4.3) 



(4.4) 



Lemma 4.2. Suppose the assumptions iHl\) and HH10\) hold. Fix e > 0. Letting 
Xt be a solution to using jump function j with Xq — xq and XI be a solution 

using jump function j e and Xq = xq, we have for a > /3, 



sup \X S - X f f e- as 

0<s<t 



<MAl 2 U-f), 



(4.5) 



for every t > and for some constants C, M which depend only upon a > f3, the 
bounds on b, cr, j and the dimensions n, d. 
Proof. See the Appendix. □ 

Lemma 4.3. Assume that iHl\) . (f_ff7| ), and \H1 0\) hold. The value function u e 

corresponding to a jump function j e converges uniformly on R™ to u, i.e., u e ^4 u 
on R™. 

Proof. Fix e > and let X t denote a solution to (|1.1|) with initial value Xo = x 
and let X\ denote a solution to Ijl.ljl with jump function j e and initial value Xq = x. 
From Lemma 14.21 and Jensen's inequality, we know for a > /3, 



E 



sup \X S -Xl 

0<s<t 



(4.6) 



Fix a control V and let J^W\ denote the objection function (| 1 . 3|) under X e . Using 
(fH7j) and gU), we find 



j x [v]<ji\v] + e 



\f(X s -f(XI)\ds 



poo 

<J e x [V]+C f e- r »E[\X s - X< 3 \]ds 

JO 



(4.7) 



The final integral in the last inequality converges by pTTOl) . Let C(e) denote the last 
term in the last inequality above. Taking infimum over all controls yields 



u(x) < u* e (x)+C(e), 



(4.8) 
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where C(e) | as e i 0. Exchanging the roles of X t and X\ yields u e (x) < u(x) + C(e). 
Since C(e) is independent of x, the convergence is uniform. □ 

Lemma 4.4. Assume IIH1\) . HH6\) . {Hlfy , HH10\) . In the continuation region C, we 
have u 6 W£f(C). 

Proof. Let B C C be closed and bounded. Let 5 = \rd{M.u{x) — u(x)} > 0. By 

B 

Lemma |4.3[ u e converges uniformly to u on R n which, in turn, implies Mu e converges 
uniformly to M.u on R n . Using this information, there exists a e'(6) > such that 
for all e £ (0,e'(5)), it holds that B C {x € R™ : u e (x) < .Mu £ (a:)}. For an open set 
O C B and any e £ (0,e' (<!>)), the local estimate Proposition 13.21 along with Lemmas 
14. II and [4731 yield that [[ttelliy^.wo) < C f° r some constant C independent of e. Thus, 
a weak limit exists and must coincide with the value function u due to Lemma [4.31 
Since B was arbitrary, the proof is complete. □ 

As in [4], we can now use a "bootstrap" argument to obtain further regularity of 
u in C. 

PROPOSITION 4.5. Assume [Hi)) . UWj) . Hlb)) . [H7\ ), WIG)) . For any compact 
subset D C C of the continuation region, the value function u is in C 2 <^{D) for 
any a £ [t/2, 1] and satisfies {—Cd — I + r)u — f = in C. 

Proof. First, consider any compact set D such that D 1 c C. From Lemma [4.41 
u € W 2,P (D 1 ) for p € (l,oo) from which Sobolev imbedding implies u £ C 1,Q (D 1 ) 
for any a £ (0, 1). Using this result and applying Lemma 13.31 we know that Iu £ 
C°-^(D) for a £ [7/2,1]. We now have enough regularity to use the Schaudcr 
estimates to improve our results. Indeed, for any open ball B C D C I? 1 C C, the 
solution t> of the following classical Dirichlet problem 



is in C 2 ' 2 7 (_B) by the Schauder estimates since f + Iu(x) £ C°> 2 (D). Now, from 
classical uniqueness results of viscosity solutions as used in Lemma 5.4 in [4] (see also 
final paragraph in Theorem 5.5 in [1]), we conclude v = u £ C* 2 '^(B) for any open 
ball B C D. The choice of a compact set I? such that D 1 C C was necessary in 
order to apply Lemma 13.31 However, the outer 1-neighborhood 51 1 appears there as 
a result of our choice of magnitude 1 to separate large and small jumps. If, instead, 
we take any e £ (0, 1) to separate jump behavior, we would reach an analogous 
conclusion u £ C 2 ' 2 1 (B) for any open ball B C D where D e C C. Hence, we find 
u £ C 2:— 2"^ ((7) for any compact set C C C and satisfies {—Cd — I + r)u — / = in 



5. Regularity in R n . In this section, we investigate the regularity of the value 
function u on the whole space. The authors in [1] examine the regularity of u under 
two specific assumptions concerning the Levy measure: v is finite and j{x, ■) £ L x (y). 
These two assumptions describe qualities of the Levy kernel M(x, dn) where 



which, in turn, determine the order of intcgro-diffcrential operator / (see Definition 
2.1.2 in [6]). The assumptions taken in [4] concern integro-differential operators of 
order < 1. Such operators map smooth functions to smooth functions. For example, 
Lemma 5.1 in [3] shows that / maps Lipschitz functions to Lipschitz functions when / 




(4.9) 



C. 



M(x,A) :~ v{z : j(x,z) £ A}, A -Borel measurable subset in R™, 
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has order 0. Additionally, when j(x, ■) G L 1 ^), Lemma 3.2 in [3] shows that / maps 
a Lipschitz function to a continuous function when C,-(-) is ^-integrable. Since the 
value function for impulse control u is Lipschitz continuous, it is known that Iu is at 
least a continuous function under either assumption on M(x,dr)). As the authors in 
[4] demonstrate, the continuity of Iu allows for a regularity analysis as in the pure 
diffusion case after defining a new running cost function / := / + Iu. Under our 
assumptions on M[x, d?7), it is not known a priori that Iu is continuous for Lipschitz 
continuous u (for a similar discussion see pQ). As such, we cannot define / as in [1] 
and must directly deal with the integro-differential operator. 

5.1. Bounded Domain Approach. With an integro-differential operator / of 
order < 1, the authors in [4] show u £ W^(R n ) by studying the regularity of an 
associated optimal stopping time problem for a pure diffusion on bounded open sets 
of R n (see Section 6 in [4). With a general jump case considered here, it is natural 
to consider the possibility of a similar proof argument involving an optimal stopping 
time problem for jump diffusions on bounded open sets of R n . 

Through penalization, regularity of an associated optimal stopping problem in 
a bounded open set O arises from the regularity of a Dirichlet problem. As such, 
we may first consider the existence, uniqueness and regularity of the a solution the 
following Dirichlet problem: 

U-£ D -I + r)v(x)=f(x),xeO, 

\v(x) =u(x), xeR n \0. [ ' ' 

Notice that the non-local character of I requires that the solution v be defined on the 
support of the Levy kernel M(x,-), namely, R n . Integro-differential problems as above 
have been extensively discussed in the literature (see e.g. [B], [5], [H]). Recalling this 
analysis, when studying (|5.1[) with a integro-differential operator / of order (1,2], 
W 2 ' p (0) solutions exist if an extra condition is placed upon jumps outside of O (see 
(|5.4|) ) . In the absence of this modification, only variational solutions in Vt /1,p (C) 
exist. The lack of dependence upon the fixed bounded open set O for I of order 
< 1 renders this approach useful for establishing the regularity of u. In fact, such 
an argument would essentially be the same as the analysis undertaken in both [1] 
and [13] . The existence of this extra condition upon jumps outside O for integro- 
differential operators of order > 1 does not disqualify this method from helping to 
achieve regularity for an optimal stopping problem associated to impulse control. 
Indeed, the extra jump condition (|5.4I) might automatically be satisfied depending on 
the value of 7 taken in (|H3|) . To see this, consider the following two-step problem 
associated to (|5 . 1 1) . 

U-L D +r)z(x) =0, x eO, 
\z{x)=u(x), xeR n \0, 

and 

U-C D -I + r)w(x)=f(x)+Iz{x), xeO, 
\ w(x) = 0, x G R n \ O. 



If solutions exist to each problem, then v — z + w will solve (|5.ip . Sufficient conditions 
to solve (|5.2p are well-known and can be found in [7j. For (15.31) . there is a unique 
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solution w £ W 2 > p {0) (see Theorem III.3 in [5] and Theorem 3.1.22 in JB]) if 

sup / t Rn ^(x + j(x,z)) \j(x,z)\ 1+a v{Az) < oo, (5.4) 
xeo J 

where < a < l/n and if / + Iz £ IP(0) for n < p < 1/a. The condition (|5.4[) is 
satisfied if 7 G [1,2] in (|H3I) is taken to satisfy < 7 — 1 < l/n. Thus, we might 
be able to pursue this technique for showing regularity under a restricted set of 7 
values in [1, 2] which depend upon the dimension n. Even if we are content with this 
restriction, we cannot conclude the existence of a unique solution w £ W 2,p (0) until 
Iz £ L p (0) for n < p < 1/a is justified. Recalling the classical results of Corollary 
9. 18 in [7] , we know that z £ W^c (^) ^ C° (0) from which Sobolev embedding implies 
that z £ C 0,1 (K) for any compact K C O. Since z = u on R™ \ 0, we can conclude 
that z is Lipschitz continuous on R n . However, z Lipschitz continuous on R n does not 
guarantee that Iz £ L p (0). Essentially, unless we know more regularity about the 
solution z with Lipschitz boundary function u, we are unable to obtain a W 2,p (0) 
solution to (|5.3I) . Due to this complication and the additional restriction to 7 beyond 
(|H3|) . we instead pursue an analysis of an integro-differential problem on the whole 
space rather than on a bounded open set O. 

5.2. The Whole Space Approach. In this section, we establish the following 
main theorem. 

Theorem 5.1. Let the assumptions of Section [H hold. The value function of 
impulse control u has a weak derivative up to order 2 in L p (0) for 1 < p < 00 and 
any bounded open set O, ie, u£ W{*(R n ). 

The subsections to follow pursue a proof of the above result. In the first, we 
present a characterization of the value function u. In the second, we discuss the 
semi-concavity of u and Aiu which assists in establishing regularity in the third. 

The following function spaces will be useful in order to examine the regularity 
of the value function u on R". Let B p (R n ) denote the space of Borel measurable 
functions h from R" into R" such that 

\\h\\ p = sup{\h(x)\ (1 + \x\ 2 )- p ' 2 : x £ R"} < 00. (5.5) 

Let C p (R n ) denote the subspace of B p (R n ) composed of p-uniformly continuous func- 
tions, i.e., all functions h which satisfy: for every e > there exists a S — 5(e,p) such 
that for any x, x' £ R™, we have 

\h{x) - h(x')\ < e(l + |x| p ), \x - x'\ < S. (5.6) 

Let Cp(R n ) denote the class of all positive functions in C p (R n ). 

5.2.1. QVI. Let A := -L D -I + r as in (|LT|) . Following [18], for any functions 

u, v £ B p (R n ), we say 

Au = v, in R™ (resp. <) if the process 

r* f (5-7) 

Y t = / v(X s )e~ rs ds + u(X t )e- rt ,t>0, 
Jo 

is a martingale (resp. submartingale), for every initial x £ R n . The following propo- 
sition from [14) characterizes the value function for our impulse control problem u. 
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PROPOSITION 5.2. Let the assumptions [ET]) , fifffy , [H§jl , and HH10\ ) hold. Then 
the quasi-variational inequality 

'u G C+(R") 

Au< f in R n , u < Mil in R", (5.8) 
Au = f in [u < A4u], 

with [u < Aiii] denoting the set of points x such that u(x) < A4ii(x) has one and only 
one solution, which is given explicitly as the optimal cost for impulse control u. 

We can also give Au a meaning as a distribution. In fact using the Lipschitz 
continuity of u, (|H4j) . and (|H5j) we can see that this distribution satisfies, for any 
open set O in R n and every test function tp G V(0) (compactly supported infinitely 
differentiable functions), 



n „ 

(Au,tp) = V" / aij(x)d Xi u(x)d Xj (p(x)da 
i TZi Jo 



/ Hi{x)d Xi [u(x)]tp(x)dx + / ru(x)ip(x)dx 



/ u(y)dy x / [cp(y - j*(y, z)) - ip(y) + V<p{y) ■ j*(y, z)]m*(y, z)u(dz) 

'O J{jo<l} 

/ u{y)dyx / [ip(y - j*(y, z)) - y{y))m*(y, z)v(dz) 

lO J{jo>1} 

/ u(y)dy x I / [j(y, z) - j*(y, z)m*(y, z)]v(dz) )■ Vip(y) 
>o \J{jo<i} J 



u(y)<fi(y)dy 



x / [m*{y,z)-l]v{dz)+ [m* (y, z) + V • j(y, z) - l]v{dz) , 

\J{jo>l} J{jo<i} ) 

(5.9) 

with m = bi- Y%=i d *j i a ij}> f(V> z ) = 3( x (y> z )> z )> m *(y, z ) = det(dx(y, z)/dy) and 
the change of variable y — x + j(x, z) (c.f. Section 2.4 in [6]). 

The following proposition shows that the value function u is a distributional 
solution once it is a martingale solution as above. 

Proposition 5.3. Let u be the value function of impulse control under the 
assumptions of Section fj| and suppose U is an open set in R n . The property that 
Y t = J f(X s )e~ rs ds + u(X t )e~ rt is a submartingale (resp. martingale) for every 
initial x £ U implies that Au < f (resp. Au=f) in T>'(U), i.e. the inequality (resp. 
equality) is satisfied in the distributional sense. 

Proof. This proof follows the approach taken in Proposition 2.5 in [TU]. Without 
loss of generality we can assume U is bounded. Indeed, suppose U is an unbounded 
open set. We wish to show that for if £ T^{U), <f > that (/ — Au, tp) > 0. Since 
tp G C^°(U) there exists some bounded Cbdd C U such that spt(p) C C/bdd- K it 
holds that (/ — Au, (f>) > for all (f> G 2?(t/bdd), 4> > 0, then it is, indeed, true that 
(/ — Au, tp) > 0. Thus, we will assume below that U is a bounded open set. 

Let X® denote a solution of (|1.1[) with Xq — 0. Define the stopping time := 
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inf{t > : X® + x £ U}. Fix x £ U and define a stopping time as tjj := inf{i > : 
3y G B xo (a) such that X® + y ^ U}. Choose a > such that B xo (2a) C U. For every 
(x,y) G (B Xo (a/2), Bo(a/2)), we have 777 < y . By the submartingale property, 



t(X° Arv +x- y)e- r ^ + / f(X° s + x - y)e- r 



thru 



>u(x~y). (5.10) 



Letting (rjn)^^ denote the standard regularizing sequence, we have 



E[u(X? ATV + x- y)e- r ^^] Vn (y)dy > u(x - y)^ n {y)dy 

t/\Tu 

f{X° s +x-y)e- rs dy 



E 



(5.11) 



\Vn(y)dy. 



Via Fubini's theorem, we find 

E[u * Vn(X? ATV + x)e- r( - tAT ^} > u * Vn (x) - 

Then, for every t > 0, 

- t (E[u * V n(X? ATu + x)e- r ^] ~ u * Vn (x) 



thru 



f(X° s + x - y)e- rs ds 



rin{y)dy. 
(5.12) 







^ t-tAru 


)>-J 


r ^ 




tJo 



which implies 



E 



A(u*T) n )(X° + x)ds 

















'-[ 




tJo 



f(X° +x- y)e- rs ds 



(5.13) 

Vn(y)dy. 
(5.14) 



Since U is bounded, the bounded convergence theorem yields 



lim 

44.0 t J Q 



thru 



A{u*r) n )(X*+x)ds 



< 



lim 

tio t J Q 



t/\Tu 



+x- y)e- rs dz 



limi / l {Tu > s} A(u*r, n )(X°+x)ds < f E lim i f t {Tu > s} f(X° s + x - y)e~ rs ds 

(5.15) 

The mean value theorem now implies that A(u * rj n )(x) < (/ * rj n ){x) for all x £ 
B XQ (a/2). Notice that for the value function u, we know u * rj n u in L p (B Xo (a/2)) 
and (d Xi u) * r) n —> d Xi u in L p (B Xo (a/2)) and for any 1 < p < oo. Using (|5.9[) . 
it is straightforward to show that {A(u * T} n ),ip) converges to (Au,tp) as n —> oo in 
V (B XQ (a/2)). Combining this fact with A(u*f] n )(x) < (f*rj n )(x) for all a; G B Xo (a/2) 
allows us to conclude that Au(x) < f(x) in V(B Xo (a/2)). Since xo G U was arbitrary, 
a partition of unity argument now shows Au(x) < f(x) in D'(U). 



Vn(y)dy, 
Vn(y)dy, 
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Upon knowing that Au < f in V(R n ) from Proposition 15. 31 our next goal is to 
show that the distribution Au is actually a function with Au € B 2 (R n ). This property 
not only describes the behavior of Au at infinity but also would mean Au € for 
any bounded open set O. In turn, an application of Proposition 13.21 would complete 



the regularity argument by allowing us to conclude u G W l ^(R n ). Below, we show 
A(Mu) > -C(l + \x\ 2 ) which combined with Au < f in D'(R"), u < Mu in R n and 
Au = f in V'({u < Mu}) implies that Au e 5 2 (IR n ). 

5.2.2. Semi-concavity of u and .Mit. The property A(.Mit) > — C(l + | cc | 2 ) 

in D'(IR n ) follows from the semi-concavity property of u and .Mit. 

Definition 5.4. ^4 continuous function h from R n to R n is called semi-concave 
on R n if for every ball B r (0), r > there exists a constant C r > such that x i— ► 
— C r \x\ is concave on B r (0), i.e., for every \x\ < r, \y\ < r, we have 

9h(x) + (1 - 9)h(y) - h(9x + (1 - %) < C r d(l -6)\x- y\ 2 , (5.16) 

for any 9 € [0, 1]. If h is continuous, this is equivalent to the condition 



h(x + z)- 2h(x) + h(x - z) < C r |z| z 



(5.17) 



for all z sufficiently small. Equivalently, for any unit vector \ G R n and constant 
C > 0, we have 



d 2 h 

dx 2 



< C, in V 



(5.18) 



As observed in Section 4.2 in [14] and Section 6 in [4], in order to show the 
semi-concavity of M.u on R n , it suffices to show the semi-concavity of u. Indeed, for 
fixed i £ R", 



Mu(x + z) — 2Mu(x) + Mu(x — z) < u{y + z) — 2u(y) + u(y - z), 



(5.19) 



where y := x + £ and £ G R n is the limit of a convergent subsequence of a minimizing 
sequence (£fc)^i sucn tnat u ( x + £fc) + ^Kfc) — ^ A / fu(x). The following lemma which, 
for instance, appears as Proposition 5.9 in Section 5.1.2 [TB] assists in showing u is 
semi-concave. 

Lemma 5.5. Let X t , X' tl Z t be three solutions of il.l}) for t > with initial values 
x, x' , z. If a > k, as defined in \5.2T\j , then for ^g(x, x' , z) := 2 (1 — 0) 2 |x — x'| 4 + 
|0x + (l-0)a;'-2| and under the assumptions HH1\) . and \Hty) , we have 



(a-K) MXs,X' s7 Z s )e- as ds + MXt,X' t ,Z t )e- 



E 



< ipe(x, x , z), for t > 0. 



(5.20) 



Moreover, there exists a constant C > 0, depending on the bounds of a, j through 
fHlp . and iH2\) . such that 



sup MX s ,X' s ,Z s )e- as 

0<s<t 



<C 1 



( 1 + ) ip e (x,x',z), fort>0. (5.21) 

\ a — n J 
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Proof. The proof follows analogously to the proof of Lemma 14.21 Indeed, we 
consider il)\ : o{x, x', z) := A + ipe(x, a/, z) and apply Ito's formula to find 

d . 

d^g(X u X' t ,Z t ) =a t dt + Y,b k t dW t k + / c(t, z)N(dt, dz), (5.22) 



with at < Kifj\,e(X t , X' t , Z t ). As in Lemma [4721 we also have 

d r. 

Y,\ b t\ 2 + Ht,z)\ 2 v{dz) <C\i> xfi (X u X' t ,Z t )\ 2 , (5.23) 
fc=i 

for some constant C > 0. Proceeding as in Lemma T4.2I completes the proof. 
□ 

We will apply this estimate as follows in Proposition 15.61 below. Let Y t (x) denote 
the solution of (|l.ip with initial condition Yq(x) — x. From Lemma (|5.5j) . we have 



(a - k) I \0Y s (x) + (1 - 6)Y s {x') - Y s {6x + (1 - 6)x')\ 2 e~ as ds 



<e 2 (i-e) 2 \x-x'f, 



+ \0Y t (x) + (1 - 6)Y t (x') - Y t (8x + (1 - 6)x'f e 



(5.24) 



and 



sup |ey, (a:) + (1 - 6)Y s {x') - Y s {6x + (1 - 8)x')\ z e~ QS 

0<s<t 



< 



c(i + ^—)e 2 (i-e) 2 \x-x'\\ 

\ a — k J 



(5.25) 



The following proposition asserts the semi-concavity property of u. 

Proposition 5.6. Suppose |Hp, (H§, (ff?p, (EB, and HTM) hold. Then u is 
semi-concave on K™. 

Proof. Fix an admissible control V . The value function u(x) will be semi-concave 
if J x [V] is semi-concave since the infimum of semi-concave functions is semi-concave. 
Appealing to Definition 15.41 we show 



9J X [V] + (1 - 9)JAV] - Je x+ (i-s)AV] < C9(l -6)\x- x'f (5.26) 



Define 



k := sup {2 



}, with 



(5.27) 



:= 5~J 29 2 (1 - 9) 2 \x - x'f ( Xi - x'^x) - b % (x')\ 

i 

+ + 0-- 0)4 - ViWUx) + (i + e)li{x') - h(y)}, 
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K a :=e 2 {i-ef 



i,,.k 



+ ^ _ X i)( X j ~ %j)(<Tik(B) - Vik(x')){o-;jk(x) - <7j k {x')) 



}J6aik(x) + (1 - 9)a ik {x') - <Jik(y)] 



i , k 



s :=/[|,-,' + fe z ,-^, z) r-|x-^ 
Ju l L 

-}^4\x - x'\ (xj - x'i) x (ji(x, z) - ji(x', z) v{dz) 

i 

+ f \\6x + (l-6)x' -y + (6j(x,z) + (l-6)j(x',z)-j(y,z))\ 2 

- \6x + (1 - 6)x' - y\ 2 

- 2(to< + (1 - OK - Vi) x (0j,(a;, z) + (1 - fleas', z) - i,(y, z))j i/(d«), 



where or, a;', z e R n , 9 e [0, 1] and (3 < k < oo due to pTTjl . (fH2|) (see Section 5.2.1 in 
[T5] for a similar discussion). We have for a > n > j3, 

9J X [V] + (1 - 9)J X ,[V] - J ex +(i-o)AV] 



[9f(Y t (x)) + (1 - 0)/(W)) - f(Y t (9x + (1 - 0)x'))]e^'di 



[e/(K t (x)) + (1 - 9)f(Y t {x')) - f(9Y t (x) + (1 - 0)F t (x')) 



+ /(fly t (x) + (1 - 9)Y t {x')) - f(Y t (9x + (1 - 9)x'))]e- rt dt 



< (761(1 - 0) 



^(aO-l^zOnd* 



+ C/ / e- r *E[|6»F t (x) + (1 - 9)Y t (x') - y t (fe + (1 - 9)x')\]dt 
Jo 

/•OO 

< C0(1 - 6) \x - x'f / e' (r ~ a)t dt 



CfC 1 ' 2 { 1 



a — k 

2 



1/2 



9{l-9)\x~x'\ 2 / e' (r - a)t dt 
Jo 



<C9{l-9)\x-x'\ 



(5.28) 



The first inequality follows using semi-concavity and Lipschitz continuity of /. The 
second inequality follows using a standard estimate for the difference of solutions for 
(fTI) (c.f. Theorem 5.6 in [H]) and ([g^S]) . □ 
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5.2.3. u € W^(R n ). Using the semi-concavity property of Mu on R™, the fol- 
lowing mollification argument shows that A(Mu) > — C(l + \x\ 2 ) in T>'(R n ) for some 
constant C > 0. With A := (—£d — I + r) as in ()1.7|) . Since A^u is semi-concave on 
R™, we know 

Mu(x + px) + .Mu(a; - px) - 2A^u(x) < Kp 2 , x £ R", (5.29) 

for any p > and unit vector x € R n and non-negative constant A'. Below, C denotes 
a generic constant independent of e. Let <? = Mu and denote <7 e its mollification on 
R™. We first show that A(g e (x)) > — C(l + |cc| 2 ) for C independent of e. We proceed 
by estimating each term in A(g £ ). For x £ R™, p > and unit vector % e R™, 

^ (ff e (z + PX) + 9 £ (x - px) - 2g s {x)) 
P 

= ~2 (g(x ~ z + px) + g(x - z - px) -2g(x - z))r/ e {z)dz ( 5 _ 30 ) 



< K I rf{z)dz. 

JB,(0) 



>B e (0) 

Sending p — > 0, yields X T V 2 g £ (x)x < K. Using this, we have 



Tr[a(x)a(x) T V 2 g%x)} = ]T erf (x)V 2 g s (x)a i (x) 

i=l 

n 

<^E im*)i 2 

<c(i + N 2 ). 



(5.31) 



Using Lipschitz continuity of 6, 5, we know 

b(x) ■ Wg e {x)\ < \b(x)\ \Vg e (x)\ < C(l + |x|)nC Mu = C(n)(l + |ar|), 

< C(n)(2+ \x\ 2 ) ( 5 - 32 ) 
<C(l + |a;| 2 ), 

where C'mu is the Lipschitz constant for Mu, and C(n) is a constant depending on 
the dimension n. Next, 



\g e (x) - g{x)\ < / \g(x-z)-g(x)\r] £ (z)dz 

JB e (0) 

< C M u I \z\i] £ (z)dz 
Jb c {o) 



(5.33) 



Then, for all e e ^0, c ^ ^ , we have 

\9 e (x)\ < \g(x)\ + 1 < C(l + < C(l + l^l 2 ). (5.34) 
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With regard to the integro term, we have 

P n 

/ [9 e {x + j{x,z)) -g E (x) -^j l {x 1 z)d x% g e {x)]v(dz) 



(=1 

JR n Vo 



< [ (l-6)j(x,zy-V'g s (x + 9j(x,z))-j(x,z)d6)v(dz) 



(5.35) 



< / ir \j{x,z)\ 2 v{dz) 
<C(l + \x\ 2 ), 



Gathering these estimates, we have for all e S ^0, c ^ , 

^4(.9 £ (z)) = YrKx).^)^ 2 /^)] - 6(x) • V 3 £ (x) + r S e (a:) 

[^(z + jfo z)) - g%x) z)^/ (x)Mdz) (5-36) 



> -C(l + |z 



2\ 



where C depends upon the dimension n but is independent of s. Now, this pointwise 
estimate implies that A(g e ) > -C(l + |x| 2 ) in D'(R n ). Since g £ -> g in Lj^R") and 
5x ~ 5x; in ^io C (^ n ) (recall, 5 is Lipschitz continuous), we know from (|5.9I) that 
{Ag e ,tp) -> (Afli,^) for every 9? G £>(R n ). Thus, A(.Mu) > -C(l + |.t| 2 ) in V'(R n ). 
At this point, we know 

f-C(l + |x| 2 ) < Au < /, in = 

\Au = /, inP'({u<Mtt}). 1 ' ' 

From the above inequality, one can easily conclude that Au exists as a function on 
{u = Aiu}. One way to see this is to note that 

f[f + C(l + \x\ 2 )]<p dx= [ cp d(Mi + M2), V G ©(O), (5.38) 
Jo jo 

for any bounded open set C {u = A4u} and where /Ui,/X2 are measures correspond- 
ing to the positive distributions f — Au and Aw + C(1 + |:e| 2 ) respectively. Since [i\ + U2 
is a positive measure corresponding to a function, it is absolutely continuous with re- 
spect to the Lebesgue measure, i.e. u\ + U2 <C i (Lebesgue measure) on O which 
then implies [i\^2 C ^ on O. Now, by definition of u\ and U2, we observe that Au 
is a function. Hence, Au exists as a function and satisfies |Au(x)| < C(l + \x\ 2 ), i.e., 

iu(i) G B 2 (R n ). Knowing Au(x) € B 2 (R n ) allows us to apply Proposition 1331 with 

2 

lo 



/ = Au over any bounded open set O. Thus, we have u € Wj 2 '^ (R n ) for p € (1, 00) as 



desired. 
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Appendix A. Proofs of some technical results. 
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Proof of Lemma 12.11 Given an admissible control V and two initial states 
Xi, x%, denote by X\ the solution of (jl.ll) . Set Y t = X\ — X? and apply Ito's formula 
with <p(y,t) = \y\ e~ at to obtain 

dcp(Y u t) = atdt + y^b* dW t k + / c(t,z)N(dt,dz), where (A.l) 
fe=i ^ ! 

n 

a t := c>^(y t ,t) + - bdX^d^Y^t) 

i=l 

j=l \fc=l / 

b(y t +j(x t 1 ,*)- j(x?,z),t) -v(Y u t) 

- Y,M*t, *) - 3i{Xl z)]dMYt,t)v(dz), 
1=1 

n 

b k t := - a lk (X?))dMYt,t), 

»=l 

C (t,«) := V (y t +j(x t V) -j e (x 2 ,*),t) - v (y t ,t), 

and, 

dt<f(y,t) = -a<p(y,t), di<p(y,t) = 2y, L \y\~ 2 <p(y,t) = 2 yi e~ a \ 3y = 2% |t/f 2 i), 



(A.2) 



where Sij = 1 if i = j and otherwise. Define 
/?:= sup {2/% + ^ + ^}, with 

„ \ - [gjfc(g) -Q-jfcCxQ] 2 

*~§ i 2 • <A - 3) 

:= / |x - x + j(x,z) -j(x',z)\ 2 - \x - xf 

- 2(xj - Xi)\ji(x, z) - jj(x', z)\ \x-x'\ 2 v(dz), 

i 

where (3 < oo due to (|H1|) . Using (|A.3j) and taking a > /3, we find 

E[^(y t ,t)] - [xi - x 2 f < {-a + 13) j E[tp{Y Sl s)]ds, 



which implies EfjAj 1 — A t 2 |] < e^'/ 2 \x± — x 2 \ by Gronwall's and Jensen's inequality. 
Using JH7| and (jHTHll . we have J Xl [V]-J X2 [V] < C u \ Xl - x 2 \ with C u = C f /(r-0/2). 
Subsequently, 

u{x x ) < Jxx[y] < Jx 2 [V] + Cu \xi -x 2 \. 
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Taking the infimum over all admissible controls with initial state x-i yields the desired 
inequality. Now, exchanging the roles of x%,X2 completes the proof. 

Proof of Lemma 13.11 Let r\ € (0, 1] be determined later. Based on (IH3|) . we 

know 



V' 1 / jo(z)v{dz) < / M*)]Mte) < 0>, (A.4) 

J{l<jo(z)<l} J{ 3a {z)<l} 



\j {z)] 2 v{dz) < v 2 " 1 ^), (A.5) 
{jo{z)<n} 



where the module of integrability is given by 



r 



(V) = I Mz)Yv{dz). (A.6) 

{jo(z)<v} 



Now, we write lip = I fa + I fa + I fa with 



lfa = [ <p(-+j(-,z))-<p(')-V<p(')-j(-,z)v(dz), 

J{t)<3o(z)<1} 

ifa - / (i - e)A6 [ 

JO J {j 



{»7<io(^)<l} 

j(;Z)-V 2 <p(- + 6j(;z))-j(;Z)v(dz). 



(A.7) 



'{jo(*)<V} 

Using Lipschitz continuity, we have \lfa\ < C v Jsj ( z )>n jo(z)v(dz) < C v Cq and 
\l 2 f\ < 2C V /{^< io ( 2 )<i} 3o{z)v(dz) < 2C v C rj 1 ^. For the last term, we have 



\lfa\ < [ d6 [ 

Jo J{j 



\j (z)\ 2 \V 2 tp(- + 9j(;z))\v(dz). (A.8) 

{JO («)<»?} 

Using this, we can estimate the LP norm as follows 

||^V||™< / dx[ 1 de([ \j (z)\ 2 \V 2 <p(x + ej(x,z))\) i>(d*) 

^ ^ Jo Jo \J{h(z)<n} J 

E. 

< [ dx [ del [ \j (z)\ 2 v(dz) ) 

JO Jo \J{jo(z)<r)} J 

x f / \j (z)\ 2 \V 2 v(x + ej(x,z))\ p v(dz)) 

\J{jo(z)< V } J 

<(v 2 -Mv)y\\vM P L H o^ 

Above, we use Fubini's theorem, Jensen's inequality, and the Holder inequality with 
1/p+l/q = 1. Thus, ||^H| iP(C)) ^ 'if~ v r(ri)\\V 2 <p\\ wa , p(ov y From the above 
estimates, we find 

¥<p\\lp(p) < V 2 ~MV) W^MlLHOn) + C o(l + 2^)C V . (A.9) 

Note that the module of integrability satisfies r(rf) — > as r\ — > 0. Now choose r/ small 
enough so that rj 1 ~ 1 r(ri) < e and r\ < e. 
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Proof of Proposition 13.21 Let C denote a generic constant throughout this 
proof. Let R G (0, dist(0', dO)). Consider B R (x ) (or simply B R ) for x G O' . For 
a constant < 5 < 1 to be determined later, consider a smooth cut-off function ( s 
satisfying 



C = 1 on Bi R , C = on R" \ Bs5 R , 

o < C s < l- 



(A.10) 



Moreover, £ can be chosen to satisfy 9»C < j, SyC — W ^ or a cons tant C. The 
function w :— Q s v satisfies 



(-C D + r)w = ( 5 Iv(x) + ( s f(x) + h{x) x G Bs 



w(x) = 



x G aBs 



(A.11) 



where /i(x) := — Y17j=i a ij(®ij(> S ' w + %di( s ■ djv) — Y^i=i k " ^C 5 ■ w - For this classical 
Dirichlet problem, there exists a constant C independent of w such that 



Ml 



We now estimate the terms on the right-hand side of (|A. 12|) individually. For the first 
term, 



\C s Iv\ 



L p (B MR ) 



^ W Iv hnB Mn ) < 4 \Hw»(B tH ) + c[-)c v , 



(A.13) 



where the first inequality follows from the choice of C 5 ; the second inequality follows 
from Lemma ED] with e — 4. Next, it is clear that HO 5 /II ,-„, D s < 11/lln.rn v 

4 rt 4 

Now, we will estimate ||/i||x, P (5 35 )• It follows from our choice of ( s that 



»ij=i 



4 4- 3 



< C' IMIl°°(b Mr ) -<5"p 2p , and, 



< C • C v ■ <T 



< c- ||«|| £ « (B3iji) -s p 



Using the above estimates, we obtain 

+ c (\\v\\ L „ {B , + C V )(1 + S^+S^) + C \\f\\ LP{B3SR) . 



(A.14) 
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Multiplying S 2 on both sides of the previous inequality produces 

S 2 IMI^ ( B |B ) < C5 \\v\\ w2HB5R) +K{5), (A.15) 

where K{8) := C ■ ( \\v\\ Lao {B 3I ) + C v ) ■ (S 2 + <T? + 5$ ) + \\f\\ LP{Bss y Denote 
F(t) := t 2 \\v\\ W 2, P ( B s y The previous inequality yields the following recursive 



inequality F(5) < CS F (f ) + K (5). Choosing < S < 1 such that S < ^, we obtain 
F(S) < \F (I) + K{8). Now iterating the recursive inequality and noting that K(S) 
is an increasing function, we obtain 



°° 1 / A \ °° i 
F(S)<J2^K(-)<Y^^K(S) = mS)- 



2 l \2 l ~ ^ 2 l 

i=0 v 7 i=0 



(A.16) 



Hence, 



~3~ 



(A.17) 



If we cover O' with a finite number of balls of radius then the estimate of the 



proposition follows. 

Proof of Lemma 13.31 Let C denote a generic constant unless specified other- 
wise. First, we estimate suPq|/<£>|. For any x £ f2, 

\I<p(x)\ < / \ip(x+j(x,z))-ip(x)-Vip(x)-j(x,z)\p(dz) 

J{jo(z)<l} 

+ \<p(x + j(x,z)) - ip(x)\ u(dz) 

J{Mz)>i} 

</ / \V(p(x + Oj(x,z))>j(x,z)-V(p(x)-j(x,z)\dBv(dz) 

J{jo(z)<i} J a 

+ C V jo(z)v(dz) 

J{3a(z)>l} 

1+a, 



<\\<P\\ G i.*m [ jQ {z)Y +a v(Az) + C v Jo(zHdz) 

J{j (z)<l} J{ ]0 (z)>l} 



< 



Co (C v + |M| c i,<*(nr) 



(A.18) 



Next, we show lip is Holder continuous. Let x\,x 2 £ O and set 6 — \x± — x 2 \ 2 A 1. 
Consider \Itp(xi) — I(p(x 2 )\ < Ii + I 2 + h m which 



h ■= / (Ivfal + j(^l)Z)) - ¥>(xi) -j(xi,z) ■ Vtp(xi)\ 

J{M*)<S} 

+ \v( x 2 +j(x 2 ,z)) - ip(x 2 ) -j(x 2 ,z) ■ Vip(x 2 )\) v{dz), 
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h ■■= \ (\ip(x 1 +j(x 1 ,z))-ip(x 2 +j(x 2 ,z))\ 

J{6<j (z)<l} 

+ \<f{xi) - <P{X2)\ + \j{xi,z) ■ Vip{xi) -j(x 2 ,z) ■ V(p(x 2 )\) v(dz), 



h-= / (\ip(x! + j(x!,z)) - tp(x2+ j(x 2 ,z))\ + \<p(xi) - ip(x 2 )\) v(dz). 

J{]o(z)>l} 

Estimating I\, we have 

h= \j(xi,z) ■ Vlp(wi, z ) - j(xi,z) ■ V(p(xi)\ 

J{ 30 (z)<S} 

+ \j(x 2 ,z) ■ V<^(w 2 ,z) -j(x 2 ,z) ■ Vip{x 2 )\ v(dz) 



< / ja(z)\Vip(w liZ )-Vip{x 1 )\+j (z)\Vip(w 2 . z )~Vip{x 2 )\iy(dz) 

J{jo(z)<S} 

< IMIcWfiM [ / j (z)\w hz -x 1 \ a v(dz)+ j (z) \w 2iZ -x 2 \ a u{dz) 

\J{jo{z)<8} J{jo(z)<6} , 

<2|M| C1 , w [ Mz)Y +a v{dz) 
<2|MU )^ 2Q " 7 / Mz)V +1 - a V (dz) 

2a--, 

< 2C \\(p\\ cl , a(W) \xi -x 2 \ 2 , 

(A.19) 

for some Wi !Z ,w 2jZ satisfying \wi >z - Xi\ < \j(xi,z)\ and \w 2jZ - x 2 \ < \j(x 2l z)\. Es- 
timating I 2 , we have 



h < / C v \x 2 + j(x 2 ,z) - (xi +j(xi,z))\ +C V \xi - x 2 \ 

J{S<j a (z)<l} 

+ \j{xi,z) ■ Vip(xx) -j(x 2 ,z) ■ Vip{x 2 )\ v(dz) 



<\x x -x 2 \ [ {2C V + C v Cj(z))v{dz) 



{6<j (z)<l} 



l{S<j (z)<l} 

\j{xi,z) ■ (Vip{xi) - V<p(x 2 )) +j(x 1 ,z) ■ Vtp(x 2 ) -j(x 2 ,z) ■ Vtp(x 2 )\ v(dz) 



< 2C C V \ Xl - x 2 \ <T 7 + C V [ Cj(z)v(dz) \x! - x 2 \ 

JR 1 

+ IMIcwTF)/ \x 1 -x 2 \ a u(dz) + C ip \x 1 -x 2 \ Cj{z)u(dz) 

< 2C C V \xi - x 2 \ <5~ 7 + C V Cj{z)v(dz) \x x - x 2 \ + C |M| C i, 7 mT} \xi - x 2 \ a 6~ 

Jr 1 

+ / Cj(z)v(dz) \xi - x 2 \ 
Jr 1 

2a— "7 2a~7 

< C\xi - x 2 \ 2 + C \xi - x 2 \ + C ||^|| c i,-y ( QT) \xi - x 2 \ 2 + C\x\ - x 2 \ 

2a --7 

<C\x!-x 2 \ 2 . 

(A.20) 
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We briefly remark about the last two inequalities above. Let diam(£7) := max^ ye Q \x — y\ 
If 5 = \xi — x 2 \ 2 , we have — £^2] <5 1 = \xi — X2\ 2 < \xi — x 2 \ 2 along 
with \x\ — x 2 \ r = |xi — x 2 \ 2 . If instead 5 = 1 < \xi — X2I 2 , then we have 
\xi — x 2 \ <5~ 7 < C \x\ — x 2 \ 2 with C = (diam(J7)) 2^ along with \x\ — X2\ a < 

2t» — ; 2 

C \xi — x 2 \ 2 with C = (diam(il)) 2 . Estimating J3, we find 



7 3 < / C v (\x 2 - xi + j(x 2 ,z) - j(xi,z)\ + \xi - x 2 \) v(dz) 

J{jo(z)>l} 

<\x 1 -x 2 \( C v {2 + C {z))v(dz) ( A - 21 ) 

J{jo(z)>l} 

< C\xi - x 2 \'^ L ,with C = (diam(rj)) 2zL ^ ±2 . 
Combining these estimates for Ii 1 I 2 ^I^, we have 

\I<p{x x )- Iip(x 2 )\ < C\xi -x 2 \ 2 ^ , (A.22) 

for C independent of x\, x 2 . 

Proof of Lemma 14.21 Set Y t = X t — X\ and apply Ito's formula with (p(y, t) = 
\y\ e~ at to obtain 

d „ 

dip(Y t ,t) = a t dt + V b\ dW t k + / c(i, z)N(dt, dz), (A.23) 
k=i J * 1 

where at, b\, and c(t, z) can be obtained from their counterparts in (jA.ll) by replacing 
X 2 by X e . Also recall (|A.2|) . From above, we know 

V{y+j{z,t),t)-(p{ yi t) - ^ji{z,t)dw{y,t) = \j(z,t)\ 2 e' at , (A.24) 

i 

with j(z, t) :— j(X t , z) — j e (X^, z). Using the fact that for each e > 0, there exists a 
C e > such that (a + b) 2 < (1 + e)a 2 + (1 + C e )b 2 , we find 

\j(X u z)-f(Xt,z)\ 2 e- at v(dz) 

<(l + e) f \j{X u z)-j{X$,z)?e- at v{&z) 

Jri (A. 25) 

+ (1 + C £ ) f \j{XI,z)-f{XI,z)\ 2 e- at v{dz) 
< (1 + e)f3 3 \X t - A t f e~ at + (1 + C e )e- at ||j - f ||* a . 
With this estimate, we find 



at < 



a + /3 + e/3 



v{Y u t) + (\ + C e )e- at \\j-j%. 



Using this inequality and taking expectations in (|A.23[) yields 



E 



a-(3-e(3j] f \X t - X\f e~ at ds + \X t - A t e | 2 e _ °' 
- 1 Jo 



/ 1 + ^ e II • -en 2 
< - lb ~ J ll ,2- 

(A.26) 
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Recall, the following stochastic integral inequalities (see e.g. [H]). For any p > 0, 
there is a constant C p > (in particular, C\ — 3, Ci — 4) such that 









p~ 




- f ft X P/2- 


E 


sup 


f f(s)dW s 




< Cp E 


U 1/(8)1 d *J 




0<r<t 


Jo 









(A.27) 



and for the stochastic Poisson integral, if < p < 2, then 



sup 

0<r<t 



x(0,r) 



g(s,z)N(dz,ds) 



< C p E 



JR l 



(A.28) 



Now, coming back to (|A.23j) to take first the supremum and then the expectation, we 
deduce after using (|A.27j) . (|A.28j) with p = 1, 



sup |X S - A s e | 2 e- Qt 



< 3 E 



ds / |c(s,t)| v(dz) 
(A.29) 



i/2- 



We now estimate the two terms on the right hand side of the above inequality. First, 
for some C depending on the Lipschitz constant C a in (HI), we have that 1 6 J | < 
C \ ip(Y s ,s)\ 2 by the following inequalities 



2_^{CTi k {Xt) - <Jik{X t )) — ^ <P( Y s,Sl 



\Xt-xt\ 



C e l 4 



< 2n 



< 2n 



\x t -xi\ 

\Xt-X$\ 



(<rik(X t ) - a lk (Xl)f + Y (Mt) - Xl(t)) 4 



k.t 



(ct\x{t)-x^tt + d\x{t)-x*{t)\ A ) 



<2n{Ci + d)\ V (Y SlS )\ 
Using the above, we now have 

1/2 



E 



v 1. JO 



<CE 



sup |y(Vs,s) 

0<s<t 



1/2 



l^.a)! da 



1/2 



Thus, by means of the inequality 2ab < ea 2 + b 2 je and the Holder inequality we 
deduce that 



3E 



1/2-, 



<Ie 

- 3 



sup |y(y s ,s) 

0<s<t 



•CiE 



b(n,s)|ds 



(A.30) 
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The term corresponding to Poisson integral can be handled using the same technique. 
Towards this end, note that 



|c(s,z)| 2 < \j(X 3 ,z)-f(XI,z)\ 2 I \Vtp(Y s +6(j(X a ,z)-f(XI,z),s))\ 2 d6. 



(A.31) 



Estimating the gradient and using y := X s — XJ to ease notation, we have 
\V<p(y + Oj, s)\ 2 = My + Oj, s)e~ as = 4e' 2as \y + 6j\ 2 < 8e- 2as (\y\ 2 + \j\ 2 ). 



(A.32) 

(|y| 2 + • Now, assuming C 3 (z) £ L A (R l ), 



Thus, we know |c(s,z)| < 8e 2as \j 
we have for p = 2, 4 

\j(X.,z) - f(XI, z)f u(dz) < \\j j% + 2*" 1 [ \f(X s ,z) - f(XI,s)f u(dz) 

R' JR' 

< \\j 3%, p + I"' 1 \X„ - Xtf [ [CiWvidz) 

Jr 1 

<c\\j-jX <p + c\x s -xif. 

Using this estimate and the inequality ab < + y for 1/p + 1/q = 1, the following 
holds 

\c{s : z)\ 2 V {dz)< / 8e~ 2as \j\ 2 (\y\ 2 + \]\ 2 )v(dz) 
Jr 1 k ' 

< 8e- 2as \y\ 2 (C \\j ff 0t2 + C \y\ 2 ) + 8e- 2as (c \\j ~ j% 4 + C \y\ 4 ) 

< C \ V {Y Sl s)\ 2 + Ce~ 2as (||j - j% A + \\j - f\\{ 2 ) 



<C\<p(Y s , S )\ 2 + Ce- 2as Al 2 (j-f). 



(A.33) 



Returning back to (|A.29[) and using (a + b) p < a p + b p for < p < 1, we find 



t , x 1/2 

ds / \c{s,t)\ 2 v{dz) 
o Jr 1 



< E 



< E 



C\cp(Y s ,s)\ z + Ce~ 2as Al 2 (j-f)d S 



1/2 



C\ip(Y s ,s)\ J ds 



1/2 



+ CAl 2 (j-f). 

(A.34) 



The first term can be handled in the same manner as the Weiner term above to yield 
an estimate as in (|A.30j) . Now, combining these two estimates, referring back to 
(|A~29]) . and using (|A.26|) . we conclude 



sup \X s -X e Xe- 

0<s<t 



<CAl 2 (j-f). 



(A.35) 
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